Abstract: The asymptotic distribution of the diameter of the digraph of a uniformly distributed random mapping of an n-element set to itself is represented as the distribution of a functional of a re ecting Brownian bridge. This yields a formula for the Mellin transform of the asymptotic distribution, generalizing the evaluation of its mean by Flajolet and Odlyzko 1990. Titre: La loi limite du diam etre d'une application al eatoire. R esum e: On exprime la loi limite du diam etre du digraphe d'une application al eatoire, choisie uniform ement parmi les applications d'un ensemble a n el ements dans lui-même, comme la loi d'une fonctionnelle du pont b r o wnien r e echi. Ceci donne une formule pour la transform ee de Mellin de cette loi limite, g en eralisant l a formule pour sa moyenne due a Flajolet et Odlyzko 1 9 9 0 .
Introduction
Let F n be a uniformly distributed random mapping from the set n : = f1; 2; : : : ; n g to itself, as studied in 10, 8, 1 and papers cited there. The diameter of F n is the random variable n := max i2 n T n i where T n i i s t h e n umber of iterations of F n starting from i until some value is repeated: 1 , exp ,2u e v,u , 1 du:
According to our analysis 1 of the asymptotic distributions of various functionals of random mappings, there is the convergence in distribution lim n!1 P n = p n x = P x 2 for a limiting random variable which can be constructed as a function of a standard Brownian bridge and a sequence of independent uniform 0; 1 random variables, as indicated in Section 2. The main purpose of this note is to present the following more explicit description of the law o f , w h i c h gives probabilistic meaning to the function e ,E 1 v,I v appearing in 1. Here EjB 1 j p = 2 p=2 ,p+1=2= p , so 4 for p = 1 reduces to 1. Formula 3 yields the second equality i n 4 , w h i c h c haracterizes the distribution of b y its Mellin transform. To justify the rst equality in 4 we need uniform boundedness of each moment o f n = p n. But a bijection of Joyal 9 bounds n by t wice the height of a uniform random tree labeled by n , and the corresponding uniform boundedness for this height f o l l o ws from estimates of Luczak 13 . See also 23, 12, 7 for related asymptotic studies of the diameter of undirected random trees and graphs.
A B r o wnian bridge representation of
In 1 we showed how v arious features of the uniformly distributed random mapping F n could be encoded as functionals of a particular non-Markovian random walk on the non-negative i n tegers. This mapping-walk, w i t h 2 n equally spaced steps of size 1 starting and ending at 0, is constructed in such a w ay that as n ! 1 the corresponding scaled mapping-walk F . The equality in 7 is due to L evy 11 . Still following 1 , let the basins of attraction of F n i.e. the connected components of the usual digraph associated with F n be put in increasing order of their least elements. For j = 1 ; 2; : : : let N j;n be the number of elements o f n i n t h e jth basin of F n , C j;n the length of the unique cycle in the jth basin of F n , let H j;n the height a b o ve this cycle of the tallest tree in the jth basin of F n . According to 1, Theorem 8 , the convergences in distribution 5 and 7 hold jointly with the convergence of nite-dimensional distributions N j;n n ; C j;n p n ; H j;n p n 
Related Results
As indicated in 8 there are companions to 1 for other functionals of F n besides the diameter, in particular the total length of cycles and the maximum tree height. One advantage of the present approach is that all these results can be understood in terms of the Poisson representation of Lemma 3. In 2 and 4 we show that Brownian bridge asymptotics apply to models of random mappings more general than the uniform model, in particular for the p-mapping model of 14, 17 , and that proofs can be simpli ed by use of Joyal's bijection between mappings and trees. In 3 we d e v elop a variety of distributional results dealing with the decomposition of Brownian bridge at the times D V j and with an alternate decomposition motivated by an alternate encoding of mappings as walks; these results involve a P oisson point process representation of path fragments which extends Lemma 3.
